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Find the total charge contained in & cone defined by R< 2 m and

OR2cos? 6 (mC/m*).
P43, apphcaét‘lon of Eq. (4.5) gives
v

Problem 4.3
0§6§n/4,g1vcnthatpv—1

Solution: For the cone of Fig.

o= /x/4 L—o‘{(%z?of R2sin6dRAOdY o 6{ W a{(%dﬁ
= (:?:%Rs¢cos3 e) \ML:(,L) | NG ‘L’L@\(Sé@
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Figure P4.3: Cone of Problem 4.3.

Problem 4.4 Ifthe line charge density is given by p; = 24y? (mC/m), find the total
charge distributed on the y-axis fomy=—5toy=5.

Solution: aw

Q= fpldy f24y2d 243’3

=2000mC=2C.
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Problem 4.5 Find the total charge on a circular disk definedbyr<a

a) Ps psocostb (C/m )

2")) gs = PsoSiTX 4) (Cim )

(€) ps = Ps0€ ’(C/m %),

(d) ps = Psoe” SiY 2 ¢ (C/m?),
where pspis @ constant.

Solution:
® - a§ a 2r
* [ 7;;= Pso f—\ sinq)\ =0.
Q=jpsds=[r=0[p=0pwcm¢r r 71, .
®) 0{5

Q= j [_ psasin’ ¢ rdrdq) Ps0 7 \ fzx (1—0032(1:) dé

a sin2¢ —__mf_ o
Ps(; b——3 )\0 5~ Pso

©

a ve3 .
Q= [ f psoe Trdrdd =2npy / re~"dr
r=0.4¢=0 o

= 2mpso [~re™ 7]
= Zﬁpsofl —e %1 +a)l.

(d)
a 2r
0= f Y /¢ _ Pwe™"sin’ ¢ rdrdg

- a 2%
= Pso / re " dr / sin2¢d¢
r=0 ¢:0
= pso[l —e™(1 +a)]- w=mpg[l — e “(1 +a)].

Problem 4.7 IfJ = R5/R (A/m?), find [ through the surface R = 5 m. ~
- s §
Solutien: Using Eq. (4.12), we have J-ds - 2 & Cu/Q Gfﬁ 12
% -

28 e ) .
I=/J-ds=/ [ (R—-)»(Rstinedqu))
s s=0Jo=0 \ R

b 2r
= 100n =314.2 (A).
6=0

= —5R¢cosH

R=518=0



Problem 4.8 An electron beam shaped like a circular cylinder of radius ro carries a
charge density given by
_{ _—Po 3

where pg is a positive constant and the beam’s axis is coincident with the z-axis.
(a) Determine the total charge contained in length L of the beam.
(b) Ifthe electrons are moving in the +2z-direction with uniform speed », determine
the magnitude and direction of the current crossing the z-plane.

Solution: v o\r&% f)‘f\’ "

@ av

RS b ke
o[ Loow- [ L wre e

o r
= —2mpol. [ 1 dr = —mpoLIn(1 +13).
®)

J=pu=—22P0

I—/J-ds
/-ro 2% . uPo 5
=0/¢=o (——zl-i-rz)’ drdg

o p
= —2Wpo[) 1172 dr=—mupoIn(14+73) (A).

(A/m?),

Current direction is along —2.
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Problem 4.9 A square with sides 2 m each has a charge of 40 xC at each of its four
corners. Determine the electric field at a point 5 m above the center of the square.
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Figure P4.9: Square with charges at the corners.
Solution: The distance [R| between any of the charges and point P is

IR] = V124 12452 = /27.
- 2 {Rx R, R R4}

= e [IRF T RP TR TRP

_Q [—i—y+is+i—~§r+is —249+25 X+§+25

T ameg | (27)32 (27)3/2 (27)3/2 (27)3/2}
50 5x40:C 142

x 1078 (V/m) = 251.2 (kV/m).

T @ rne T @ P, e




Problem 4,12 A line of charge with uniform density p; = 8 (#C/m) exists in air
along the z-axis between z = 0 and z = 5 cm. Find E at (0,10 cm,0).

Solution: Use of Eq. (4.21¢) for the line of charge shown in Fig. P4.12 gives

i 1 .pp:dll
E= e X R
R =§0.1—%2
1 0.05 6 (5‘,0‘1__22)
= 06y W)
Atteg Jo=0 (8x1 )t(0_1)2+2213/2 2
0.05
_8x105 [ §10z+2
ameo | JOIP+2) ],

=71.86 x 10° [§4.47 —21.06] = §321.4 x 10> —£76.2 x 10° (V/m).

z

. R=61%
T el

Figure P4.12: Line charge.
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Problem 4.15 Repeat Example 4-5 for the circular disk of charge of radius q, but
in the present case assume the surface charge density to vary with r as
ps = Psorz (Clm2)7
where pgp IS 2 constant.
Solution: We start with the expression for JE given in Example 4-5 but we replace
s with pgor:
A :
dE = A pusie -
‘ 41060(?‘2 +1)2 (@npar dr), < E=C¢
h 4= ‘
-3 psoh 13 dr
280 o (P+my312°
To perform the integration, we use % J
R=rR+P,
2RdR=2rdr, A ~— VL
E = 2P0k f('=2+"’>‘” (R2— hﬂ) dR fs .
. @eRYR Ry
=z£’-—— - f 2 iR
260 R2
Y [\/al+h2+ " 21:}.
29 Vo + 1




Problem 4.20 Given the electric flux density
D=32(x+y)+3(3x—2) (Cm?),
determine

(a) pv by applying Eq. (4.26),

{b) the total charge O enclosed in a cube 2 m on.a side, located in the first octant
with three of its sides coincident with the x-, y-, and z-axes and ope of its -
comers at the origin, and :

(¢) the total charge Q in the cube, obtained by applying Eq. 429).

Solution:
(a) By applying Eq. (4.26)

—V-p=Ll. 2 (3x—2y) =
pv—v‘n"‘ax'(zx'*'zy)'*‘ay(}x 237) "‘0'
(b) Integrate the charge density over the volume as in Eq. (4.27x
Q=LV‘de_=jx;£ﬂj;)0dxdydzzﬁ.
(c) Apply Gauss’ law to calculate the total charge from Eq. (4.29)

o= %D-dﬁ:Fﬁm+ﬁa&+Fﬁgm+ﬁeﬁ+Fmp+Fbmm=

2 2
|-
=0/ ip=0

oo dyiy £ (Fove)

N VA
7 (w%iwg

82;‘12&2)( : /,% in = d&dx q
;o G
- |

e Ve @20

- (%dzdy)
=2

_ dzdy = (2: (2y+ %y")

Foms = [ [ @2 #3035 25)

= j;; .[;:0 Hx+y)

;
o
-



- (—xdzdy)
x=0

L

Fuse= [ [ (@20+9) +365=29)

=— ./;:.o /;2(x+ )

o= [, [ @t st o
o 2 2
- [:__0 JEY dezdx: (z @;2—4;:) pﬂ) }M=~4,
= [, [0t +3Ge-2) _-(-5dra
2 2
- j; [;(Bx-—zy) B (z @f) ﬁ) Lo =-12,
Fiop = fr:o f;(ﬂ(x+y)+?(3x—2y)) -(2dydx)
z==2
= f;/;() mzdydx:(),
2 2 . . .
s = [ [ (@2t +9(-2))| -Gyt
2 2
- fx—_-o.[moo z:odya!x:(}.

Thus Q= ?QD-ds-—=24—8~4» 12404+0=0.

Problem 4.21 Repeat Problem 4.20 for D = £x°2° (C/m?).
Seolution:

(a) From Eq. (4.26), py = V-D = %(xy"?) =3y27.

(b) Total charge Q is given by Eq. (4.27):

Q=[vv-ndv=[;0j;;f;f£dxdyd2="’fj 2 =32C

s



() Using Gauss’ law we have
ng-ds = Firont + Foack + Fright + Fiegt + Fiop + Foortor-
s

Note that D = £D,, 50 only Fgom and Foacx (integration over 2 surfaces) will contribute
to the integral.

Foon= [ L, (iv"?)Lz-(idydz)
2 2
.—.:/;;L;xfz:‘deydz: (2(’-’;%4 M)Lﬁ:sz,

Frosc= [ j;o (sxfz?)Lﬂ-(—iéydz)——-— [; [; xy’zsixzodydzzo.

Thus Q0 = jén-ds=32+o+o+o+o+o=3zc.

Problem 422 Charge O is uniformly distributed over a thin spberical shell of
radius @, and charge (O, is uniformly distributed over 2 second spherical shell of
radius b, with b > a. Apply Gausss lawwo find Einthe regions R< a, a < R< b,
and R > b.

Solution: Using symmetry considerations, we know D = RDg. From Table 3.1,
ds = RR?sin0 d0 d¢ for an element of 2 spherical surface. Using Gauss’s law in
integral form (Eq. (4.29)),

$D-ds = O,

where Oy is the total charge enclosed in 8. For a spherical surface of radius R,

[ [ @00)- 5o 0t) = 0,

DrR*(2m)[— 05 0§ = O, X

_ O
DR—41T.R2'

From Eq. (4.15), we know a linear, isotropic material has the constitutive relationship
. D =¢E. Thus, we find E from D.



{a) In the region R< a,

M|

e =0, E=REg =

(b) In the regiona < R < b,

Ou=0n E=REx=_ o (V).
(¢) Intheregion R > b,

_R@i+0)

G =01+ 02, E=RER = yoe (Vim).

Problem 4.23 The electric flux density inside a dielectric sphere of radius a
centered at the origin is given by

D=RpeR (Cm?),
where po is a constant. Find the total charge inside the sphere. g
.
Solution: as

% r2n T
o= fén-ds—_— [M /Mﬁpok-m%sinede@

Re=a

= 2nped’ L " sin0d8 = —27poa’ cosOff = dmpea®  (C)-

Problem 424 In a certain region of space, the charge density is given in cylindrical
coordinates by the function:
P

pv=150re™ (Cm).

Apply Gauss’s law to find D.

Solution:

©
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Figure P4.24: Gaussian surface.

Methed 1: Integral Form of Gauss’s Law

Since py varies as a function of r only, so will D. Hence, we construct a cylinder of
radius r and length L, coincident with the z-axis. Symmetry suggests that D has the
functional forrn D = #D. Hence,

/iﬁ!
/ ¢ ool t4
%D ~ds=Q

mgdt ¥
(Tws-“ [ £D-ds = D(2nrL),
(_w;:i: ' O =2nL L 50re™ - rdr
» =100nL[-r*e " +2(1—e (1 +1)],

Methed 2: Differential Method
V'D=9V7 D-"‘—’i"Dr,
with D, being a function of r.

19 .
; 'a-; (l’D,—) = 50re ’




9 —r
= (rD,) =50r%e",

r a r —
L = (D) dr = fo 502" dr,
rD, =502(1 —& (1 + 1)) —rPe],

D=#rD, = £50 E (1—er(1+7) —re_’} .
Problem 4.25 An infinitely long cylindrical shell extending between r = 1 m and
r = 3 m contains a uniform charge density pvw. Apply Gauss’s law to find D in all
regions. v
Solution: Forr < 1m,D =0 ” L_gr T
ad m, V. td d:z' .i
Forl<r<3m, S({’m rd¢

5 —

3€i"D,--ds=Q, /7;0 Yf;; (,g; L
5 /W’\ <

1

D,-2nrL = pyg -1l (P — 12),

D =D, =P 1) _ pw(? - 1)
el , , 2

Forr>3m, § (q@rg rdpd2

1<r<3im.

P=iD, =830 o3,




